We give a new proof of the classical result due to Rodney Y. Sharp and Peter Vamos on the dimension of tensor product of a finite number of field extensions of a given field.
Introduction
Let K be a field. In this note, we prove some results on K-algebras. All rings and algebras are commutative with identity = 0. By the dimension of a ring A we mean the Krull dimension and denote it by dim A. The transcendence degree of a field extension L/K shall be denoted by trdeg K L. The results in this note grew while trying to understand the classical result on dimension of the tensor product of two field extensions proved in [6] . We first prove [Theorem 1] : Let R ⊂ A be rings where R is an integral domain with its field of fraction K. Then (1) If X 1 , X 2 , ..., X n are algebraically independent over A and A contains t 1 , t 2 , ...t n algebraically independent over R then for L = K(X 1 , ..., X n ), dim(L R A) ≥ n+dim S −1 A where S is the multiplicatively closed subset R[t 1 , ..., t n ] − {0} of A, and (2) If X 1 , X 2 , ..., X n , ... are algebraically independent over A and A contains t 1 , t 2 , ...t n , ... algebraically independent over R then for L = K(X 1 , ..., X n , ...), dim(L R A) = ∞. In Corollary 2.3, it is shown that equality holds in Theorem 1 under certain conditions. These results are used to find the dimension of the tensor product of a finite number of field extensions of a given field proved in [7] . Further, we give [Theorem 2.7] an alternative proof of the well known result that for an affine K-algebra A over a field K, for any non-zero-divisor f ∈ A, dimA = dimA[1/f ].
Main Results
Before we prove that main results, let us recollect : (i) [5, Theorems 7 .3 and 9.5]: If B is a faithfully flat A-algebra then dimB ≥ dimA.
(ii) [5, Exercise 9.2] If a ring B is an integral extension of a ring A then dimA = dimB.
We shall use these facts, whenever required, without further mention.
Theorem 2.1. Let R ⊂ A be rings where R is an integral domain. Let K be the field of fractions of R. Then (1) If X 1 , · · · , X n are algebraically independent over A and A contains t i , i = 1, · · · , n algebraically independent over R, then
(2) If X 1 , · · · , X n , · · · are algebraically independent over A and A contains t i , i = 1, 2, · · · , n · · · algebraically independent over R, then
where
The final part of the statement is immediate since
These observations are immediate since B⊗ R A is faithfully flat
Corollary 2.3. Let K be a field and A be a K-algebra. If X 1 , · · · , X n are algebraically independent over A and A contains a field extension of K of transcendental degree ≥ n, then
Proof. By assumption on A, there exist t 1 , · · · , t n algebraically independent over K such that
Therefore, by the Theorem 1,
Further, let A be Noetherian. Then as
Proof. We shall consider the two cases separately. Case 1.
transcendental field extension of transcendental degree t k and L k /E k is algebraic. Hence
where i k : E k ֒→ L k is inclusion map for k = 1, · · · , n − 1 and Id is identity map, is an integral extension. Therefore
over a multiplicatively closed subset, hence is a Noetherian ring. Therefore by Corollary 2.3,
By successive application of the Corollary 2.3 or by induction it is immediate that
Hence in this case the result follows. Case 2. t n−1 = t n = ∞. First of all, note that for any σ ∈ S n
By assumption B contains infinite algebraically independent elements over K. Hence the result is immediate from Theorem 1(2).
Proof. Let K be the algebraic closure of K. Then, since
Hence, to prove the result, we can assume that K is algebraically closed. Note that dimK[X] = n and for the multiplicatively closed subset S = {f t |t ≥ 0},
Theorem 2.7. Let A be an affine algebra over a field K. Then for any non- . Since f is a non-zero-divisor in A, f lies in no prime ideal associated to I in K[X 1 , · · · , X n ]. Let p be an associated prime ideal of I in K[X 1 , · · · , X n ] such that
Proof. Let {y 1 , · · · , y s } be a maximal algebraically independent set of elements in A over K. Then every a ∈ A is algebraic over K Therefore by Theorem, it is immediate that dimA = trdeg K L.
